Academic Abstract

Graphs are ubiquitous combinatorial structures and a basic mathematical model for representing pairwise interactions (edges) between objects (nodes or vertices of the graph). A drawing of a graph, is a representation of a graph in the plane (or on some other surface), with vertices represented by points, and edges by continuous curves joining their endpoints.
A graph is planar if it can be drawn in the plane without edge crossings. The Hanani-Tutte theorem says that a graph is planar if it can be drawn in the plane so that every pair of edges not sharing a vertex cross an even number of times. An analogous theorem was proved for the projective plane, and in the context of several planarity variants, where it also implies the existence of polynomial time algorithms. In the project we intend to explore if the Hanani-Tutte theorem extends to other two dimensional surfaces, and planarity variants, whose complexity status is still open. Regarding planarity variants we are mostly concerned with c-planarity, and its restricted variant that can be also seen as the problem of approximating maps of graphs in the plane by embeddings.
A natural higher-dimensional analog of graph planarity is the embeddability of general simplicial complexes in Rd. Closely related to planarity variants we will consider the algorithmic problem of deciding if a given 2-dimensional simplicial complex can be thickened into a 3-dimensional manifold. This is the first step in a recent breakthrough paper, where the following algorithmic problem was shown to be decidable. Given a 2-dimensional simplicial complex, can it be embedded (topologically, or equivalently, piece-wise linearly) in R3? Our approach is via a variant of simultaneous embeddability of graphs.
Furthermore, motivated by recently discovered counterexamples to the topological Tverberg conjecture in more dimensions we plan to investigate, whether an analog of the Hanani--Tutte theorem for Tverberg-type problems exists. Our investigation is motivated by the fact that a counterexample to the topological Tverberg conjecture in the plane would settle the conjecture in every dimension.

The crossing number of a graph G is defined as the minimum number of edge crossings in a generic drawing of G. We will address several well-known open problems on crossing numbers and their variants, whose definitions are motivated by the Hanani-Tutte theorem. In particular, we will attempt to make a progress on the Harary-Hill conjecture about the crossing number of complete graphs, on the related Zarankiewicz conjecture about complete bipartite graphs, and on the possibility of separating the crossing number and the pair crossing number, where the latter is defined as the minimum number of pairs of crossing edges in a drawing of a graph.
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